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A Hybrid Explicit-Implicit Numerical Algorithm for the
Three-Dimensional Compressible Navier-Stokes Equations

Doyle D. Knight*
Rutgers University, New Brunswick, New Jersey

A hybrid explicit-implicit numerical algorithm has been developed for the three-dimensional mean com-
pressible Navier-Stokes equations. The algorithm combines the explicit finite difference algorithm of Mac-
Cormack and an implicit algorithm for the viscous sublayer and transition wall regions of the turbulent
boundary layers. The algebraic turbulent eddy-viscosity model of Baldwin and Lomax is employed. A body-
oriented coordinate transformation is utilized to facilitate treatment of arbitrary flow regions. The hybrid
algorithm has been vectorized on the CDC CYBER 203 computer using the SL/1 vector programming language
developed at NASA Langley. The accuracy of the numerical algorithm, established previously for two-
dimensional flows with strong viscous-inviscid interaction (including flow separation), is validated for three-
dimensional flows. The algorithm is applied to the interaction of an oblique shock wave with a turbulent
boundary layer in three dimensions. The computed results generally are found to be in close agreement with the
experimental data. The hybrid algorithm is shown to provide a substantial improvement in computational ef-
ficiency compared to a vectorized MacCormack explicit algorithm alone.

Introduction

THE understanding of three-dimensional shock
wave/turbulent boundary-layer interactions (denoted as

"3-D turbulent interactions") is an important problem in
high-speed fluid mechanics. The phenomenon is manifested in
a wide variety of practical applications, including internal
flows (e.g., high-speed aircraft inlets and transonic com-
pressors), high-speed aerodynamics (e.g., in the vicinity of the
juncture of aircraft or missile fuselage and wings or control
surfaces), and gas dynamic lasers.

Although a complete physical understanding of 3-D tur-
bulent interactions is lacking, substantial progress has been
achieved in recent years. A brief sampling of recent ex-
perimental investigations of 3-D turbulent interactions in-
cludes the studies of Law,1 Freeman and Korkegi,2 Oskam et
al.,3'4 Peake,5 Settles et al.,6 and Dolling et al.7 In addition,
scaling laws for 3-D turbulent interactions recently have been
proposed by Settles and Bogdonoff8 for 2-D and 3-D com-
pression corners, and by Dolling and Bogdonoff9 for sharp
fin-induced 3-D turbulent interactions. A brief sampling of
recent theoretical investigations of flowfields exhibiting 3-D
turbulent interactions includes the studies of supersonic
turbulent corner flows by Hung and MacCormack,10 Shang et
al.,11 and Horstman and Hung.12 In addition, Hung and
Chaussee13 computed supersonic turbulent flow past an
inclined ogive-cylinder flare, and Hung14 treated the im-
pingement of an oblique shock wave on a cylinder.

The focus of the present work is the development and
application of an efficient hybrid numerical algorithm for the
computation of high-speed flows exhibiting 3-D turbulent
interactions. The mean compressible 3-D Navier-Stokes
equations are employed, together with the algebraic turbulent
eddy-viscosity model of Baldwin and Lomax.15 A body-
oriented coordination transformation is utilized to facilitate
treatment of arbitrary flow regions. The algorithm combines
the explicit finite difference method of MacCormack et al.16'17
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and an implicit algorithm for the viscous sublayer and
transition wall regions of the turbulent boundary layers. The
algorithm represents the extension to three-dimensional flows
of the technique developed previously by the author for the
two-dimensional compressible Navier-Stokes equations.18"20

The present numerical code is written in the SL/1 vector
programming language developed at NASA Langley Research
Center, and is executed on the CYBER 203 vector-processing
computer at NASA Langley. In the following sections the
details of the numerical algorithm are presented. The ac-
curacy of the method is validated by consideration of the case
of supersonic turbulent flow in a 90-deg corner. The
algorithm is applied to the interaction of an oblique shock
wave with a turbulent boundary layer in three dimensions,
and the results compared with experimental data.

Method of Solution
Coordinate Transformation

A set of surface-oriented curvilinear coordinates, denoted
by £(*,J>,z), r](x,y,z), and £(x,y,z), are introduced in order
to facilitate treatment of arbitrary flow regions. The concept
is illustrated in Fig. 1 for the particular configuration of flow
into a corner formed by a wedge attached to a flat plate,
which, in general, represents the cases considered in the
present paper. The computational domain is denoted by the
dotted lines. The upstream and downstream planes ABHG
and EDJK, respectively, are mapped into the unit square in
the £=0 and 1 planes (Fig. 2). The surface ABCDEF, coin-
ciding with the flat plate, is mapped into the unit square in the
f=0 planes, while the upper surface GHIJKL maps into the
unit square in the f= l plane. The left boundary surface
AFEKLG, including the wedge surface, is mapped into the
unit square in the r? = 0 plane, while the right boundary
surface BCDJIH maps into the corresponding location in the
i) = 1 plane. The curvilinear coordinates may be obtained by a
variety of techniques.21 For the results presented herein,
however, the simplified nature of the flow geometry allowed
the coordinates to be constructed algebraically in the physical
domain using simple geometric stretching.

The coordinate transformation maps a nonuniform grid of
mesh points in the physical domain which is capable of
resolving the significant features of the flow into a uniform
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rectilinear grid of points in the transformed domain with
constant mesh spacing A£, Arj, and Af. The Navier-Stokes
equations are solved in the transformed domain, where the
simple cubic domain and constant mesh spacing facilitate the
application of the numerical algorithm. The flowfield in the
physical domain is obtained through knowledge of the inverse
transformation*^, rj, £),y(!;, rj, f), andz(£, 17, f).

Governing Equations and Boundary Conditions
The governing equations are the full mean compressible

Navier-Stokes equations in three dimensions using mass-
averaged variables22 and strong conservation form.23 The
molecular dynamic viscosity ju, is given by Sutherland's law.
The molecular Prandtl number Pr is 0.73 (air) and the tur-
bulent Prandtl number Prt is 0.9.

The turbulent eddy viscosity e is the two-layer model of
Baldwin and Lomax15 with additional modifications to treat
the corner region formed by the wedge and flat plate. Within
the inner layer, the eddy viscosity is

where p is the density and K is von Kdrman's constant. The
length scale £is Buleev's mixing length.24 For an open corner
formed by the normal intersection of two planes, 10>11>25

2yz (2)

where y and z are Cartesian coordinates as shown in Fig. 1.
The Van Driest damping factor is D= 1 -exp(-Vu*/26vw),
where u* = ( \TW I /pw) 1/2> TW is the wall shear stress, and vw the
wall kinematic eddy viscosity. The quantity co is the absolute
value of the vorticity. The outer eddy viscosity is given by

(3)

where A:-0.0168 and Ccp=2.08. The value of Ccp is 30%
above the value given by Baldwin and Lomax as discussed in
Ref. 26. The function Fwake = fmaxFmax, where Fmax = max(fcoZ))
and £max is the value of £ where faD is a maximum. For
equilibrium boundary layers,15 the function faD typically
displays a single peak. For more complex flows involving
strong viscous-inviscid interaction,26"28 faD may display two
peaks within the boundary layer. Since the outer eddy-
viscosity formulation is intended to provide a velocity scale
Fmax and length scale fmax representative of the outer region of
the boundary layer, the outer peak in faD is chosen.26'27 This
modified form of the outer eddy-viscosity formulation was
investigated only for a limited number of 2-D and 3-D tur-
bulent interactions26'27 at Mach 3, and as such represents an
incomplete extension to the original Baldwin-Lomax model.
Nevertheless, for the present paper, the determination of £max
and Fmax by the modified method differed from the original

Baldwin-Lomax model only for ag>0 (Fig. 1), and only on
the boundary layer on the flat plate for zg <2600, where zg is
the distance from the wedge surface (Fig. 1). The Klebanoff
intermittency correction is given by

(4)

where CKleb= 0.3.
The turbulent eddy viscosity is implemented10 by dividing

the y-z plane into two regions (Fig. 3). In region I, the inner
and outer eddy-viscosity profiles are obtained along y — const
lines, and the eddy viscosity is switched from the inner to the
outer form at the location where e/ >e0. In region II, the same
approach is employed on z = const lines.

The boundary conditions for the class of corner flows
shown in Fig. 1 can be divided into five categories. First, on
the upstream boundary ABGH (£=0) the flow variables are
held at freestream conditions or at conditions corresponding
to a developed flat-plate boundary layer, depending on
whether the flat-plate leading edge lies downstream or up-
stream, respectively, of the £ = 0 plane. Second, on the
downstream boundary EDJK (£ = 1), the conventional zero
gradient condition d/d£ = 0 is applied. Third, on the solid
boundaries corresponding to the flat plate and wedge surface,
the velocity vector is set equal to zero, the temperature or
adiabatic wall condition is specified, and the normal gradient
of the pressure is set to zero.18 Fourth, on the plane of
symmetry AFLG, the normal component of the velocity is set
to zero and the normal derivative of the remaining flow
variables is set to zero. Finally, on the outer boundaries 17 = 1
and f= l , the zero gradient conditions d/dr/ = 0 and d/df=0
are employed. Care is taken to insure that the flowfield has
attained an asymptotic two-dimensional state in the vicinity of
the i] = 1 and f = 1 boundaries. In particular, this requires that
the width of the computational domain in the z direction be
sufficiently large so that the shock wave created by the wedge
passes out the downstream (£ = 1) boundary.

Numerical Algorithm
The numerical algorithm is a hybrid explicit-implicit

technique which combines the explicit finite difference
algorithm of MacCormack16'17 with an implicit algorithm for
the viscous sublayer and transition wall region of the tur-
bulent boundary layers (denoted the "computational
sublayer"). The present 3-D algorithm is an extension of the
technique developed previously for the 2-D Navier-Stokes
equations by the present author.18"20 The motivation for the
development of the hybrid algorithm is to improve com-
putational efficiency. Specifically, the exceedingly fine mesh
spacing needed to resolve the viscous sublayer would impose a
stringent restriction on the allowable time step for Mac-
Cormack's explicit method. In order to overcome this con-
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Fig. 2 Transformed domain.



1058 D. D. KNIGHT AIAA JOURNAL

straint, a separate implicit treatment of the computational
sublayer is employed. MacCormack's explicit method is
utilized for the region outside the computational sublayer,
where the larger grid spacing allows a greater time step and,
hence, improved computational efficiency.

On the set of grid points outside the computational sublayer
(Fig. 4), denoted the "ordinary points," the Navier-Stokes
equations are solved using MacCormack's second-order
accurate explicit method.16'17 The procedure consists of
repetitive application of a finite difference operator <C(A/)
which is a symmetric sequence of time-split, one-dimensional,
finite difference operators17

£ r (Af r ) given by
< £ g ( A f g ) , £ 1 J ( A t r ] ) , and

(5)

with Eq. (9). The above equations represent the extension to
three dimensions of the equations employed in previous
study29 and 2-D Navier-Stokes computations.18'20 The
temporal derivative terms are omitted since only the steady-
state solution is desired. The computational sublayer
equations are solved using the second-order accurate box
scheme.30 Based upon previous study,18'20 the sublayer region
is taken to be defined by zf + ̂  60, where z' + = z'u*/vw,
with U* = (TW/PW) //2. It shoud be emphasized that the height
of the sublayer region corresponds to a small fraction of the
height of the turbulent boundary layer (typically less than
5%).

In the vinicity of a corner, the limiting form of the
governing equations differs from Eqs. (6-10) due to the
presence of the two boundaries. Guided by asymptotic
analysis for incompressible flows,31 the governing equations
to lowest order for a corner formed by two mutually or-
thogonal planes may be taken as

where the exponent m indicates the operator is applied m
times. The time step Af and exponent m are determined by the
requirement of numerical stability of each operator17

throughout the domain of ordinary mesh points. The fourth-
order pressure damping term of MacCormack17 is employed
with a damping coefficient equal to - 0.5.

On a separate set of grid points inside the computational
sublayer, denoted the "sublayer points," the limiting form of
the Navier-Stokes equations is employed. Consider a local
Cartesian coordinate system (xf, y', z ' ) with the z' axis
normal to the local tangent plane on the surface as illustrated
in Fig. 4. The local Cartesian velocity components are
denoted ( u f , v', w') . As z' approaches zero, the effects of
stream wise convection (i.e., convection in the x'-y' plane)
vanish due to the requirement of zero tangential velocity at
the surface. Furthermore, as z' —0 the effects of diffusion of
momentum and energy in the z' direction are substantially
greater than those in the x'-y' plane, provided that the region
of interest is not in the vicinity of a "corner" (i.e., a portion
of the surface where one or both of the principal radii of
curvature are small compared to the height of the com-
putational sublayer regiont). The governing equations in the
computational sublayer are26

dpw'
= 0

du' dur

dH d

w=°
e \ dT

(6)

(7)

(8)

(9)

(10)

where H=cpT+ 7/2 (u'2 + v/2). The pressure gradient terms
dp/dx' and dp/dy' are evaluated near the edge of the sublayer
using the flowfield solution on the ordinary points, consistent

|For example, in the vicinity of a 90-deg corner (where the principal
radii of curvature are zero and infinity), the diffusion effects become
essentially two dimensional as the corner is approached.

0=-
bp_
dxf

dp_
dy' = 0 ^ = (12)

where u' is the velocity component in the direction of the line
of intersection FE of the two surface planes (Fig. 1). The term
dp/dxr is evaluated near the edge of the sublayer using the
flowfield solution on the ordinary points, consistent with Eq.
(12). The temporal derivative terms have been omitted since
only the steady-state solution is desired. The corner sublayer
equations are expressed in finite difference form using
second-order accurate central differences and solved using
Newton iteration. Again, it is emphasized that the physical
size of the corner sublayer region represents a small fraction
of the local boundary-layer thickness.

The solution procedure consists of integration of the
Navier-Stokes equations on the ordinary grid points from
time t to time t + A/ using MacCormack's method, followed
by solution of Eqs. (6-13) in the sublayer regions, with the
flowfield solutions on the sublayer and ordinary grids mat-
ched at the interface. The procedure is continued until a
steady-state solution is obtained.

The hybrid algorithm has been vectorized on the CDC
CYBER 203 computer using the SL/1 programming language
developed at NASA Langley. The data management ar-
chitecture of Smith and Pitts,32'33 based on an interleaved
data base,34 is employed. The improvement in efficiency
obtained through vectorization of MacCormack's explicit
algorithm can be evaluated in terms of the operator
processing time (OPT), which is defined as the effective time
required to apply one operator (e.g., £%, <£,, or <£f) to one
mesh point. From Eq. (5), the total CPU time for the ordinary
grid is Nt xNm x7V0 xOPT, where Nt is the number of time
steps, Nm the number of mesh points, and N0 the number of
operators in Eq. (5). For the present code on the CYBER 203,
OPT= 1.26x 10~5 s, which is a factor of 111 times faster18'20

than on the CYBER 74, in agreement with previous
studies.32'35'36

The accuracy of the hybrid algorithm for two-dimensional
flows previously has been demonstrated18"20 for a variety of
cases including shock wave/turbulent boundary-layer in-
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teraction with flow separation and several configurations of a
simulated 2-D high-speed inlet. The accuracy of the hybrid
algorithm was investigated for three-dimensional flows for
the specific configuration of supersonic turbulent flow in a
90-deg corner. The computed results using the hybrid
algorithm were found to be in close agreement with a separate
calculation employing MacCormack's explicit algorithm
only.26'37

Results for 3-D Oblique Shock Wave/Turbulent
Boundary-Layer Interaction

The flow geometry (Fig. 1) consists of a 90-deg corner
formed by a flat plate and a wedge of angle ag. A supersonic
equilibrium turbulent boundary layer develops on the flat
plate. An oblique shock, formed by the wedge, intersects the
turbulent boundary layer on the flat plate, resulting in a 3-D
turbulent interaction. This flowfield has been surveyed ex-
tensively by Oskam et al.3'4'38'39 at Mach 3 for ag<14 deg,
and computations have been performed by Horstman and
Hung12 for ag = 3.15 and 9.75 deg using the algebraic tur-
bulent eddy-viscosity model of Escudier.40 In the present
effort, computations were performed26 using the Baldwin-
Lomax turbulence model for c^ = 3.73 and 9.72 deg at a
freestream Mach number M00=2.94, total pressure
Ptao = 689.7 kPa, and total temperature Tt<x =255.6 K. The
flat-plate temperature is 280.6 K, which is° 11% above the
adiabatic recovery temperature. The wedge temperature is
244.4 and 252.8 K for ag=3.73 and 9.72 deg, respectively.
The results for the cxg=9.72 deg case are presented herein,
with emphasis on evaluation of the efficiency of the hybrid
algorithm and the accuracy of the Baldwin-Lomax turbulence
model. The reader is referred to Refs. 3, 4, 9, 12, 38, and 39
for a detailed description of the flow structure.

Details of Computation
The upstream boundary-layer profile, which provides the

upstream boundary condition on £ = 0, is obtained by com-
puting the development of a flat-plate boundary layer to a
point where the computed momentum thickness is equal to the
experimental value 0oo =0.063 cm. At this station, the com-
puted and measured displacement thicknesses 6£ are 0.335
and 0.41 cm, respectively, and the computed and measured
skin friction coefficients cf are 1.08 and 1.19xlO~3 ,
respectively. The value of cf predicted by the Van Driest II
theory41 is 1.148X 10~3. The computed and measured values

Table 1 Details of mesh distribution

N* Ny Nz NSLb

9.72 deg
Gridl
Grid 2

48
25

27
27

46
37

aNx, Ny, Nz are the number of ordinary mesh points in x, y, and z direc-
tions.

bNSL is the number of mesh points in z' direction in the sublayer.

of the boundary-layer thickness agree (d^ = 1.37 cm), and the
velocity profiles are in close agreement with the laws of the
wall and wake.42 The overall agreement between the com-
puted and measured upstream profiles is comparable to that
achieved by Horstman and Hung.12

The numerical grid consists of a set of streamwise planes
spaced uniformly by an amount AJC in the x direction. Within
each plane, the grid points were distributed in the y and z
directions using a combination of geometric stretching near
the flat plate and wedge and uniform spacing outside the
boundary layers.26 In evaluating the resolution afforded by
the numerical grid, attention was focused on the capability of
the grid to resolve pertinent flow features in four main areas;
namely, 1) the boundary layers in the direction normal to the
walls, 2) the boundary layers in the cross-stream direction
(e.g., in the y direction on the wedge), 3) the inviscid regions
of the flowfield in each streamwise plane, and 4) the flowfield
in the streamwise x direction. It was judged that reasonably
precise criteria existed only for item 1, and therefore two
separate computations were performed (Table 1) to examine
the remaining three. With regard to item 1, the resolution of
the boundary layers in the direction normal to the walls was
judged satisfactory for both cases, since the distance (in wall
units) of the first row of grid points adjacent to the bound-
aries Azj+ is less than 3.2 for all cases (Table 2), and the
typical number of grid points within the boundary layers on
the wedge and flat plate is 17 and 20, respectively.18"20

Regarding item 2, the mesh spacing in the cross-stream
direction consists of a combination of geometric stretching
and uniform spacing, with the maximum values (i.e., by<*/&<»
and AZoo/Soo) indicated in Table 2. The maximum values of
Az/Soo are 0.49 and 0.77 for grids 1 and 2, thus providing an
opportunity for evaluation. With regard to item 3, the inviscid
regions of the flow are covered primarily by the uniformly
spaced grid, and the variation in Az^ /d^ between grids 1 and
2 permits an approximate evaluation of resolution of the
inviscid regions. With regard to item 4, the streamwise mesh
spacing Ax/6^ is 0.46 and 0.93 for grids 1 and 2, and thus
provides an opportunity for examination of the adequacy of
the streamwise resolution.

The initial condition for all cases was obtained by extending
the upstream profile to all stations. Each case was judged
converged to steady state after a physical time of ap-
proximately 3.4fc, where tc is the time required for a fluid
parcel to travel from the upstream to the downstream end of
the mesh in the inviscid region.26

The computer time required using the hybrid algorithm on
the CYBER 203 is listed in Table 3. It should be emphasized
that the numerical code has been developed for arbitrary flow
regions, and incorporates a general three-dimensional steady
coordinate transformation with the full nine coordinate
transformation derivatives. The code was not specially
modified to take advantage of the simplified geometry of the
corner flow (for which only four coordinate transformation
derivatives are nonzero), and the computer time, therefore, is
representative of the resources required for the computation
of a similar 3-D flowfield with a more general geometry.

Table 2 Details of mesh resolution

a

9.72 deg
Gridl
Grid 2

Wedge
maxAzj + a NBLb

3.19 17
3.05 17

Flat plate ^c ^ ^d
maxAz j ""

2.65
3.20

u NBLD
 5oo 5^

20 0.46 0.58
20 0.93 0.58

<$«>

0.49
0.77

^2+ = maximum value of &z'2 + , where Az^A^w,/ vw> where &Z2
 is the distance of the first row of

sublayer points from the boundary.
bNBL = total number of points in boundary layer. For the wedge, NBL is evaluated at point K in Fig. 1. For the flat

plate, NBL is the typical number of points in the boundary layer.
c A* = mesh spacing in the A: direction.

Ay a o = ordinary mesh spacing in the y and z directions in the region of the uniform grid.
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The hybrid algorithm, vectorized on the CYBER 203, is
significantly faster than a vectorized version of Mac-
Cormack's explicit algorithm alone on the same computer.
The estimated computer time for each case using Mac-
Cormack's algorithm only according to Eq. (5) (with an
OPT=1.26x 10~5), and the same grid distribution as used
for the hybrid calculations, is shown in Table 3. It is evident
that the hybrid algorithm is a factor of 16 to 21 times faster.
In comparison to a vectorized, non-time-split version of
MacCormack's explicit algorithm (assuming an
OPT = 1.3 x 10 "5 for the entire unsplit operator), the hybrid
code is a factor of 8 to 10 times faster. The 2-D version of the
hybrid algorithm18'20 has been compared with the implicit
method of Beam and Warming43 on a scalar processing27

computer (IBM 370/168) for a 2-D Navier-Stokes calculation
of a Mach 3 adiabatic flat-plate turbulent boundary layer
using the same number of grid points, grid resolution, initial
conditions, and total physical time of computation. The 2-D
hybrid method demonstrated approximately the same ef-
ficiency as the 2-D Beam-Warming code (the computer time
was 12% more for the hybrid method). Although a 3-D Beam-
Warming Navier-Stokes algorithm has been executed on the
CYBER 203, this particular code44 was not vectorized and
consequently does not reflect the maximum efficiency ob-
tainable for the Beam-Warming algorithm on the CYBER
203. A comparison of this code with the present vectorized
hybrid method, therefore, is inappropriate.

Results for ag = 9.72 deg
The computed and experimental surface pressure on the flat

plate at jt =14.1600 is displayed in Fig. 5, where zg is the
distance from the wedge surface, the subscript oo denotes

EDGE OF
BOUNDARY
LAYER

Fig. 3 Definition of regions for turbulent eddy viscosity.

PHYSICAL
SURFACE

ORDINARY POINTS

upstream freestream conditions, and the arrow indicates the
spanwise location of the shock at this station. The calculated
profiles for grid 1 (Ax/dx =0.46) and grid 2 (Ax/6^ =0.93)
are in excellent agreement, with a maximum difference of 1 %.
The computed and measured pressures are in close agreement
with a maximum difference of less than 5% (the experimental
uncertainty38 is ±2% of p^). The corner pressure agrees to
within 3.6%. Additional comparison of profiles x/5^ =8.46,
9.4, 10.4, 13.1, 14.9, 15.9, and 16.8 (not shown) indicates
similar agreement. First, the maximum difference in com-
puted profiles for grids 1 and 2 is 1%. Second, the maximum
difference between the calculated and experimental profiles at
these stations is 3.3, 5.4, 4.0, 5.0, 6.0, 7.0, and 4.0%,
respectively. Third, the maximum overall difference between
computed and experimental corner pressure is 4.0%. The
computed profile of Horstman and Hung12 at x=\4.\doa
shows similar close agreement with experiment.

In Fig. 6, the computed and experimental normalized heat-
transfer coefficient on the flat plate at x=\4.\d00 is shown,
where ch=qw/p00U00cp(Tw-Tavv)J qw is the wall heat flux,
Tw the wall temperature, and Taw the adiabatic wall tem-
perature evaluated by Taw = T00+r( Ttoo -Tx), where r = 0.89
is the recovery factor.38 The corresponding experimental and
calculated choo (7.1 and 6.56xlO~ 4 , respectively) are em-
ployed. Although these values differ by 8.2%, this
discrepancy is within the experimental uncertainty38 (±15%
of chco). The computed results for the two grids are in good
agreement, except for the more pronounced "kink" in ch for
grid 1 at ^7600=0.2. This "kink" is attributable to the
Baldwin-Lomax model.26 The computed peak ch/choo at
Zg/dao =0.2 is 7.2% below the experiment, and thus within the
uncertainty of the measurements. Comparison with three
additional profiles (not shown) at x/d00=8.5, 9.4, and 13.1
displays similar agreement. First, the difference in peak ch for
the two grids is less than 5.5% at all stations. Second, the
difference in the peak computed ch/choo (using grid 1) and
experiment is 3.8, 5.5, and 8.0%, respectively, at the three
stations. It is noted39 that the peak heat transfer is ap-
proximately 50% higher than the value predicted by the
empirical correlation qw /qWoo = (pmax/Po0)Q'S5 which has
been developed for 2-D turoulent interactions.

Two profiles of the computed and experimental yaw angle
a = tan~! (w/u) at #=14.1600 are presented in Fig. 7. The
spanwise locations are zg/b<» =0.47 and 4.2. At this station,
the shock is located at Zg/d00= 5.03. The computed profiles
using grids 1 and 2 are in excellent agreement, with only a
slight difference in the inviscid region at zg/^^ =4.2, which is
less than 2 deg. The calculated profile at Zg/d*, =0.47 is in
excellent agreement with experiment (the experimental un-
certainty38 is ±0.1 deg). The comparison at zg/500=4.2
displays good agreement, with a maximum difference of 4.8
deg. The rapid increase of yaw angle within the boundary
layer is evident, with values reaching 36 deg close to the flat
plate. Comparison with 18 additional profiles38 (not shown)

EXPERIMENT (Oskam)
THEOKT rCrid j 1)
THBDRT (Grid § 2)

SUBLAYER
POINTS

Fig. 4 Geometry of hybrid technique. Fig. 5 Surface pressure on flat plate at x/d^ = 14.1.
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Fig. 6 Heat-transfer coefficient on flat plate at x/d^ =14.1.
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Fig. 9 Shear stress on flat plate.
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Fig. 7 Yaw angle profiles at x/d^ =14.1.
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Fig. 8 Pitot pressure profiles at x/d^ = 14.1.

Table 3 Computer time__________

Computer time on CYBER 203, h
Total No. Hybrid
grid points algorithm

Vectorized MacCormack
explicit3algorithm [(Eq. (5)]

3.73 deg
9.72 deg

Gridl
Grid 2

28,230

79,727
34,232

1.28

5.35
.2.20

27.1

88.9
35.3

a Estimated.

confirm the above findings. First, the computed profiles using
the two grids are in excellent agreement. The maximum
difference within the boundary layer is less than 1 deg, and the
maximum difference outside the boundary layer is less than 2
deg. Second, the computed profiles are in good agreement
with experiment. Specifically, comparison of profiles with
Q<Zg/zgs(x) <0.7 [where zgs(x) is the shock location]
indicates a maximum difference of less than 3 deg, although
the yaw angle reaches values as large as 35 deg. For
Q.7 <Zg/zgs(s) <1.45 (the spanwise limit of the measure-
ments), the maximum difference is less than 6 deg.

In Fig. 8, two profiles of the calculated and measured pitot
pressure pp at Jt=14.18oo are shown. The spanwise locations
are the same as for Fig. 7. The computed profiles using the
two grids are in close agreement within the boundary layer,
with a maximum difference of 4.7% at Zg/b^ =0.47 and less
than 1% at zg/d00=4.2. The computed profiles display a
maximum disagreement of 6.8% in the inviscid region at
zg/d00= 4.2, which is associated with the proximity of this
location to the shock [zgs(x)/dao = 5.03] and the shock-
capturing nature of the algorithm. The calculated profiles are
observed to be in good agreement with experiment. At
2^/800 =0.47, the maximum difference between the calculated
and measured profiles is less than 5% of ppoo everywhere
(except for the data point closest to the plate at >> = 0.025 cm).
The experimental uncertainty38 is ±1% of pPoo. At
^7800=4.2, the maximum difference is less than 9.0% of
pPoo. Comparison with 18 additional profiles18 (not shown)
shows similar characteristics. First, the computed profiles
using the two grids are in excellent agreement. The maximum
difference within the boundary layer is less than 1%, except
for three profiles (at different x) close to the corner (Zg/d^
typically equal to 0.1) for which the maximum difference is
less than 5.0%. Second, the computed profiles are in
reasonable agreement with experiment. The maximum dif-
ference between the calculated and experimental results is less
than 10% for 15 of the 18 profiles, and less than 15.6% for
the remaining profiles.

In Fig. 9 the direction and magnitude of the surface shear
stress on the flat plate is shown. The vectors also indicate the
direction of the limiting streamlines.45 The flow geometry is
reflected in the x-y plane for comparison with the ex-
perimental oil flow pattern (Fig. 10). A line of coalescence
("three-dimensional separation line"5; also, see Ref. 46)
forms upstream of the shock location in Fig. 10. The com-
puted coalescence line, which represents an asymptote of the
surface shear stress, is in good agreement with the ex-
perimental oil film coalescence line. In particular, at
jt/8oo = 10.0 the normal distance of the coalescence line from
the shock line is approximately 1.2800 in the experiment and
1.3800 in the calculation. Computations by Horstman and
Hung12 of the flow streamlines for this and other cases
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Fig. 10 Experimental oil film pattern.

exhibiting coalescence of the surface shear stress have shown a
significant lifting of the fluid in the vicinity of the line of
coalescence.

Conclusions
An accurate and efficient hybrid numerical algorithm has

been developed for the three-dimensional mean compressible
Navier-Stokes equations. The algebraic turbulent eddy-
viscosity model of Baldwin and Lomax is employed. A
general body-fitted coordinate transformation is incorporated
to facilitate treatment of arbitrary flow regions. The hybrid
algorithm combines the explicit finite difference method of
MacCormack with an implicit treatment of the viscous
sublayer and transition wall region of the turbulent boundary
layers, and represents the extension to three dimensions of the
hybrid algorithm developed and tested for two-dimensional
flows. The hybrid algorithm has been vectorized on the
CYBER 203 computer using the SL/1 vector programming
language developed at NASA Langley Research Center. The
accuracy of the hybrid algorithm for three-dimensional flows
was validated by comparison with a separate computation
using MacCormack's method alone for the case of supersonic
turbulent flow in a 90-deg corner formed by two flat plates.

The hybrid algorithm was applied to the interaction of an
oblique shock wave, formed by a wedge of angle ag, with a
turbulent boundary layer in three dimensions at Mach 3.
Results are presented for ag=9.12 deg for two separate
numerical grids, which differed principally in the streamwise
grid spacing (Ax/d^ =0.46 and 0.93). The agreement between
the computed profiles is very good. The agreement between
the calculated and experimental profiles of surface pressure
and heat transfer, yaw angle, and pitot pressure is good. The
method of Baldwin and Lomax for determination of the
length and velocity scales for the outer turbulent eddy
viscosity was found to be deficient in certain regions of the
interaction, and a modified method was employed. The
hybrid algorithm provides a substantial improvement in
computational efficiency. The computer time for the two
computations is an approximate factor of 16-21 times less
than would be required using a vectorized version of Mac-
Cormack's time-split algorithm on the CYBER 203.
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